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fl]ntuition comes to us much earlier and with much less outside influence than formal
arguments which we cannot really understand unless we have reached a relatively
high level of logical experience and sophistication. ©
é
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ABSTRACT

Jonathan M. Borwein

Abstract: The mathematical research community is facing a great challenge
to re-evaluate the role of proof in light of the growing power of current
computer systems, of modern mathematical computing packages, and of the
growing capacity to data-mine on the Internet. Add to that the enormous
complexity of many modern capstone results such as the Poincaré
conjecture, Fermat's last theorem, and the Classification of finite simple
groups. As the need and prospects for inductive mathematics blossom, the
requirement to ensure the role of proof is properly founded remains
undiminished. | shall look at the philosophical context with examples and
then offer some of five bench-marking examples of the opportunities and
challenges we face. (Related paper )

frhe object of mathematical rigor is to sanction and legitimize the conquests of intuition,
and there was never any other object for it. ©® Jacques Hadamard (1865-1963)
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fKeynes distrusted intellectual rigour of the Ricardian
type as likely to get in the way of original thinking and
saw that it was not uncommon to hit on a valid
conclusion before finding a logical path to it.

- Sir Alec Cairncross, 1996

l1l. A Cautionary Finale

IVV. Making Some Tacit Conclusions Explicit

fVlathematical proofs like diamonds should be hard
and clear, and will be touched with nothing but strict
reasoning. e John Locke
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PART I. PHILOSOPHY, PSYCHOLOGY, ETC

This is the essence of science. Even though | do not
understand quantum mechanics or the nerve cell membrane,
| trust those who do. Most scientists are quite ignorant about
most sciences but all use a shared grammar that allows them
to recognize their craft when they see it. The motto of the
Royal Society of London is 'Nullius in verba' : trust not in words.
Observation and experiment are what count, not opinion and
Introspection. Few working scientists have much respect for those
who try to interpret nature in metaphysical terms. For most
wearers of white coats, philosophy is to science as
pornography is to sex: it is cheaper, easier, and some people
seem, bafflingly, to prefer it. Outside of psychology it plays

al most no part 1 n the f uncbétever

Jones

From his 1997 NYT BR rHowtheMind 9/drks.St e v {




WHAT is a DISCOVERY?

nNndi scovering a truth has
IS the independence requirement, which is just that one
comes to believe the prop
own lights, without reading it or being told. Secondly,
there is the requirement that one comes to believe it in
a reliable way. Finally, there is the requirement that
oneds coming to belileve |
epi stemic state. €

In short , discovering a truth is coming to believe it
In an independent, reliable, and rational way. 0

Marcus Giaquinto, Visual Thinking in Mathematics.
An Epistemological Study, p. 50, OUP 2007

AAIll truths are easy to understand once they are discovered; the point is
to discover them. © Galileo Galilei




Galileo was not alone in this view

nl will send you the pr ooSinee,
as | said, | know that you are diligent, an excellent teacher of
philosophy, and greatly interested in any mathematical
Investigations that may come your way, | thought it might be
appropriate to write down and set forth for you in this same
book a certain special method, by means of which you will
be enabled to recognize certain mathematical questions with
the aid of mechanics. | am convinced that this is no less
useful for finding proofs of these same theorems.

For some things, which first became clear to me by the
mechanical method, were afterwards proved geometrically,
because their investigation by the said method does not
furnish an actual demonstration. For it is easier to supply
the proof when we have previously acquired, by the
method, some knowledge of the questions than it is to
find it without any previous knowledge. o Archimedes
287-212 BCE)

Archimedes to Eratosthenes in the introduction to The Method in

MarioL i v ,ilsoGdda Mathematician? Simon and Schuster, 2009




la. A Very Recent Discovery (July 2009)

(Al ndependent , rel 1 aWss)e
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The n-dimensional integral

1 /1 1, 1°
Wn(s)izfofo---/o O
k=1

drqdxo---drn

in the plane.

occurs in the study of uniform random walks W \
Wn(1) is the expected distance moved after n

steps. I\Nl(l) - W (1) = f7 Pearson (1906)
4
3 218 Mgl p7228 Mol

?
Wa(l) = g 3 Y a3

We proved the formula below for 2k (it counts abelian .
squares) and numerically observed it was half-true at
k=1/2. We confirmed (1) to175 digits well before proof (my k
seminar) Aq | Aq .

K;i k
Wa(2) = aF2 2151 K4 andwauEResr 7"17’1' n



http://www.carma.newcastle.edu.au/~jb616/walkstalk.pdf

WHAT is MATHEMATICS?

MATHEMATICS, n. a group of related subjects, including algebra,
geometry, trigonometry and calculus, concerned with the study
of number, quantity, shape, and space, and their inter-
relationships, applications, generalizations and abstractions.

x  This definition, from my Collins Dictionary has no mention of proof, nor the
means of reasoning to be allowed (vidé Giaquinto). Webster's contrasts:

INDUCTION, n. any form of reasoning in which the conclusion,
though supported by the premises, does not follow from them
necessarily.

and

DEDUCTION, Nn. a. a process of reasoning in which a conclusion
follows necessarily from the premises presented, so that the
conclusion cannot be false if the premises are true.

b. a conclusion reached by this process.

Af mathematics describes an objective world just like physics, there is no
reason why inductive methods should not be applied in mathematics just the
same as in physics. ©Kurt Godel (in his 1951 Gibbs Lecture)




WHAT is a PROOF?

N P R O (nkg sequence of statements, each of which is either
validly derived from those preceding it or is an axiom or
assumption, and the final member of which, the conclusion , is
the statement of which the truth is thereby established. A direct
proof proceeds linearly from premises to conclusion; an indirect
proof (also called reductio ad absurdum) assumes the falsehood
of the desired conclusion and shows that to be impossible. See
also induction, deduction, valid. 0

Borowski & JB, Collins Dictionary of Mathematics

INDUCTION, n. 3. ( Logic) a process of reasoning in which a general conclusion is drawn from a
set of particular premises, often drawn from experience or from experimental evidence. The
conclusion goes beyond the information contained in the premises and does not follow
necessarily from them. Thus an inductive argument may be highly probable yet lead to a
false conclusion; for example, large numbers of sightings at widely varying times and
places provide very strong grounds for the falsehood that all swans are white.

fNo. | have been teaching it all my life, and | do not want to have my ideas
upset. o Isaac Todhunter (1820-1884) recordingMa x we | | 6 s wheraskead n 3
whether he would like to see an experimental demonstration of conical refraction.







WHAT is DIGITAL ASSISTANCE?

x Use of Modern Mathematical Computer Packages

x Use of More Specialist Packages or General Purpose Languages
A Fortran, C++, CPLEX, GAP, PARI, MAGMA, ¢
x Use of Web Applications

A Sl oanebs Encycl o
EuclidinJava, We e ks 6 To

x Use of Web Databases
A Google, MathSciNet, ArXiv, JSTOR, Wikipedia, MathWorld, Planet Math,

P
pol ogi calSciGaaig s,

x All entail data-mining [ exploratory experimentationoa n dvidéning
technologyoas in pharmacology, astrophysics,b i ot e ¢Fhankling

A Clearly the boundaries are blurred and getting blurrier

A Symbol i c, Numeric, Geometric, Grapg

edi a, |l nver se Sym
eP

DLMF, MacTutor, Amazon, é , Kindl e Reader |, Wo | f

A Judgments of a given sourceds qual

Knowing things is very 20th century. You just need to be able to find

things.o Danny Hillis on how Google has already changed how we think in
Achenblog, July 1 2008

- changing cognitive styles



http://blog.washingtonpost.com/achenblog/?hpid=opinionsbox1

Exploratory Experimentation

Frankl i n ar gu eesplotathraexpe@rtedationd ef ac inl i
b ywid@ning technologyo, as i n phar macol ogy,
and biotechnology, is leading to a reassessment of what legitimates
exper i ment localimoedelt i©intt now prerdgquisite. Hendrik
Sgrenson cogently makes the case that experimental mathematics (as
60definedd below) is following S i

Nrhese aspects of exploratory experimentation and wide
Instrumentation originate from the philosophy of (natural)
science and have not been much developed in the context
of experimental mathematics. However, | claim that e.g.
the importance of wide instrumentation for an exploratory
approach to experiments that includes concept formation
IS also pertinent to mathematics.o

In consequence, boundaries between mathematics and the natural
sciences and between inductive and deductive reasoning are blurred
and getting more so.
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Expressions that are not numeric like In(Pi*sqrt(2)) are evaluated in Maple in symbolic
form first, followed by a floating point evaluation followed by a lookup.
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Mathematics and Beauty 2006

“This is an exceptionally important book. ... It could be the starting point
for many cognitive, social, and educational benefits.”
—From the Foreword by William Higginson,
Queen’s University, Canada

“In a time of much sterile math teaching and grimly utilitarian school re-
form, this elegant and beautiful book brings to life a whole new vision. ...
Nathalie Sinclair makes a brilliant case for rethinking math instruction
so that an aesthetically rich learning environment becomes the path to
meaning, intellectual journeys, and—dare we say the word?—pleasure.”

—Joseph Featherstone,
Michigan State University

In this innovative book, Nathalie Sinclair makes a compelling case for the
inclusion of the aesthetic in the teaching and learning of mathematics.
Using a provocative set of philosophical, psychological, mathematical,
technological, and educational insights, she illuminates how the materials
and approaches we use in the mathematics classroom can be enriched
for the benefit of all learners. While ranging in scope from the young
learner to the professional mathematician, there is a particular focus on
middle school, where negative feelings toward mathematics frequently
begin. Offering specific recommendations to help teachers evoke and
nurture their students’ aesthetic abilities, this book:

o Features powerful episodes from the classroom that show stu-
dents in the act of developing a sense of mathematical aesthetics.

* Analyzes how aesthetic sensibilities to qualities such as con-
nectedness, fruitfulness, apparent simplicity, visual appeal, and
surprise are fundamental to mathematical inquiry.

¢ Includes examples of mathematical inquiry in computer-based
learning environments, revealing some of the roles they play in
supporting students’ aesthetic inclinations.

Nathalie Sinclair is an assistant professor in the Department of
Mathematics at Michigan State University.
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